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Abstract
We investigate the Wigner distributions and generalized transverse momentum-dependent distri-
butions (GTMDs) for u and d quarks in the proton by using light-front quark-diquark model. We
consider the contribution of scalar and axial-vector diquark having spin-0 and spin-1 respectively.
We take different polarization configurations of quark and proton to calculate the Wigner distri-
butions. The Wigner distributions are studied in the impact-parameter space, momentum space
and mixed space for u and d quarks in the proton. We also study the relation of GTMDs with
longitudinal momentum fraction carried by the active quark x for different values of ζ (skewness)
which is defined as the longitudinal momentum transferred to the proton. Further, we study the
GTMDs in the relation with x for zero skewness (ζ = 0) at different values of quark transverse
momentum p⊥ as well as at different values of total momentum transferred to the proton ∆⊥.
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I. INTRODUCTION
The major aim of the hadron physics is to expose the relationship between partons (ba-
sic degrees of freedom of QCD) and hadrons. The parton distribution functions (PDFs)
f(x) provide the spread of the parton carrying a longitudinal momentum fraction (x) in
the hadron. On the other hand, the distribution located in the direction transverse to the
motion of the hadron is explained through the generalized parton distributions (GPDs)
[1–3] as a function of longitudinal momentum fraction carried by the parton, the longi-
tudinal momentum transferred to the hadron and the total momentum transferred (x, ζ
and t respectively). Further, to describe the structure in momentum space, transverse
momentum-dependent parton distributions (TMDs) were introduced [4–7], which depend
on the transverse momentum carried by the parton (p⊥). The GPDs and TMDs explain
well the three-dimensional picture of internal structure of hadron, however, to understand
the hadron structure more precisely, joint position and momentum distributions: Wigner
distributions were instigated [8]. Wigner distributions are quasi-probabilistic distributions
which on application of certain limits provide the probabilistic distributions. Wigner dis-
tributions are associated with the generalized parton correlation functions (GPCFs) which
when integrated over the light-cone energy of the parton reduce to the generalized trans-
verse momentum-dependent parton distributions (GTMDs) [9]: mother distributions. After
suitable integrations, GTMDs can further be reduced to GPDs and TMDs.
The GPDs can be experimentally obtained via hard exclusive processes namely deeply
virtual Compton scattering (DVCS) [10–15] where the interaction of the virtual photon
with the parton of the nucleon leads to the radiation of a real photon from that parton
and deeply virual meson production (DVMP) [16–18] where the interaction of the virtual
photon with the parton of the nucleon leads to the emission of light-vector meson from that
parton. GPDs are also accessible via ρ-meson photoproduction [19, 20], timelike Compton
scattering [21], heavy charmonia photoproduction for the production of gluon GPDs [22,
23] and exclusive pion or photon-induced lepton pair-production [24–26]. The information
on GPDs and nucleon structure can be extracted from the measurements of ongoing and
upcoming experiments at Hall-A and Hall-B of JLab with CLAS collaboration [27–31],
J-PARC [32–34] and COMPASS [35]. The TMDs are obtainable via semi-inclusive deep
inelastic scattering (SIDIS) [36–38] and Drell-Yan processes [39, 40]. The SIDIS data is
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accessible from the upgraded experiments at JLab [41], electron ion collider (EIC) [42],
DESY etc. [43]. The rich data of Drell-Yan process is accessed via experiments at FNAL,
BNL, J-PARC etc. [44, 45].
Even though Wigner distributions have been executed in many fields of physics like
heavy ion collision, quantum information, quantum molecular dynamics, signal analysis,
non-linear dynamics [46–48] and have been studied in some experiments [49, 50] but no
experiments have been done so far been done to extract Wigner distributions describing the
multi-dimensional picture of the proton. Theoretical studies to understand Wigner distribu-
tion and GTMDs have however been attempted widely using light-cone spectator model [51],
AdS/QCD quark-diquark model [52–54], light-front dressed quark model [55, 56], light-cone
constituent quark model, chiral soliton model [57–59] etc.. Recently, Wigner distributions
and GTMDs for electron have also been studied [60]. The spin-orbital angular momen-
tum and spin-spin correlation between the polarized nucleon and quark can be determined
by applying the phase space average to the Wigner distributions [52, 56]. Other possible
versions of phase-space distributions are: Husimi distribution (smeared version of Wigner
distribution) and Kirkwood distribution where the former one is real and positive definite
and later is complex [61]. It has been introduced in recent times that the gluon GTMDs
can be accessible through diffractive di-jet production in deep-inelastic lepton-nucleon scat-
tering [62–64] and also in virtual photon-nucleus quasi-elastic scattering [65]. It has also
been identified that the GTMDs of gluons can be measured in proton-nucleus collisions [66].
The quark GTMDs were recently measured by considering the exclusive double Drell-Yan
process [67].
The dynamical front-form framework was introduced [68] to describe the constituent
picture of hadron. A remarkable advantage of light-front dynamics is the simple light-front
vacuum in QCD where the massive fluctuations are completely absent in the ground state.
The absence of square root in the Hamiltonian simplifies the dynamical structure. The boost
invariant light-front wavefunctions provide the inherent information about the structure of
hadron [69–71]. One of the important model which finds application in non-perturbative
regime of QCD is the light-front quark-diquark model [6]. This model is a phenomenological
approach to the work done in Ref. [72]. In light-front quark-diquark model, the proton
can be considered as a bound state of a quark and a diquark (p = |u(ud)〉 + |d(uu)〉) with
a diquark spin to be 0 (scalar diquark) or 1 (axial-vector diquark). Using this model, all
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the T-even and T-odd TMDs of the proton are calculated using scalar and axial-vector
diquarks and at nucleon-quark-diquark vertex where different choices of the form factors are
considered [6]. The standard parton distribution functions and quasi-parton distribution
functions are successfully explained in Ref. [73]. In this model, the proton wavefunction
does not exhibit SU(4) = SU(2)⊗SU(2) spin-isospin symmetry because of the non-vanishing
relative orbital angular momentum of the quark-diquark system in its ground state. Using
light-front quark-diquark model, GPDs, TMDs and spin transverse asymmetries for electron
and hadron have already been evaluated [6, 74–76]. However, the Wigner distributions and
GTMDs which provide the maximum information of internal structure of proton have not
been evaluated so far.
Considering the above developments of the light-front quark-diquark model in studying
internal structure of the hadrons through GPDs and TMDs, it becomes desirable to extend
this model to investigate the Wigner distributions and GTMDs of the hadrons. In the
present work, we have investigated the Wigner distributions in light-front quark-diquark
model by considering different polarization configurations of quark and proton. We have
also studied the GTMDs of quark contained by the proton for the case with different values
of the longitudinal momentum transferred to the proton ζ 6= 0 (non-zero skewness) as
well as for the case where the longitudinal momentum transferred to the proton is zero
ζ = 0 (zero skewness). For the case with ζ = 0, we have further studied the variation of
GTMDs with longitudinal momentum fraction x. The implications of different values of
quark transverse momentum p⊥ and different values of the momentum transferred ∆⊥ have
also been discussed.
The paper is organized as follows. In Section II, we have given the essential details
of the light-front framework and light-front quark-diquark model. The basic introduction
to the Wigner distributions with the different polarization considerations and the explicit
expressions of the quark Wigner distributions have been given in Section III. We have then
presented the relation between the quark-quark correlators and the GTMDs and presented
the analytical results for the 16 quark GTMDs for non-zero skewness (ζ 6= 0) in Section
IV. In Section V, we have given the graphical interpretations to the Wigner distributions
corresponding to the analytical results discussed in Section IV for the unpolarized proton,
longitudinal-polarized proton and transversely-polarized proton. The results of the 16 quark
GTMDs have also been presented in this section. Finally, the results have been summarized
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in Section VI.
II. LIGHT-FRONT QUARK-DIQUARK MODEL
A. General framework
In the light-cone frame [70], we consider two light-like four-vectors n± which disintegrate
a general four-vector a = [a+, a−,a⊥] to
a = a+n− + a−n+ + a⊥, (1)
satisfying n2± = 0, n+.n− = 1. The transverse tensor can be expressed as
ij⊥ = 
µνijn+µn−ν , (2)
with 12⊥ = −21⊥ = 1. The co-ordinates of a general four-vector aµ are defined as
a+ =
1√
2
(
a0 + a3
)
, a− =
1√
2
(
a0 − a3) , and a⊥ = (a1, a2) . (3)
For convenience, we take a frame where the four-momenta are defined as
P =
[
P+,
~∆2⊥ + 4M
2
8(1− ζ2)P+ ,0⊥
]
,
pq =
[
xP+, p−,p⊥
]
,
PD =
[
(1− x)P+, P−D ,−p⊥
]
,
∆ =
[
− 2ζP+, ζ∆
2
⊥ + 4ζM
2
4(1− ζ2)P+ ,∆⊥
]
, (4)
where P = P
′+P ′′
2
, pq, PD and ∆ = P
′−P ′′ are the average momentum of hadron, momenta of
active quark, momenta of diquark and the four-vector momentum transferred to the proton
respectively. Here P ′ and P ′′ are the initial and final momenta of the proton and M is the
mass of proton. The momentum transferred to the proton and momentum fraction carried
by the active quark in longitudinal direction are denoted as ζ = − ∆+
2P+
(skewness) and x =
p+
P+
respectively. The quark transverse momentum and diquark transverse momentum are
expressed in terms of the relative transverse momentum of quark p⊥ and proton transverse
momentum P⊥ as follows
pq⊥ = xP⊥ + p⊥, and PD⊥ = (1− x)P⊥ − p⊥. (5)
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The total momentum transferred to the proton when the proton transverse momentum is
not zero (P⊥ 6= 0) can be expressed as
D⊥ = ∆⊥ + 2ζP⊥. (6)
B. Light-cone wave functions
The proton state can be defined as a superposition of the quark-diquark states and we
have
|P ;±〉 = cs|u s0〉± + ca|u a0〉± + c′a|d a′1〉±, (7)
where |u s0〉, |u a0〉 and |d a′1〉 are defined as scalar isoscalar diquark, vector isoscalar diquark
and vector isovector states respectively.
For Jz = +
1
2
proton spin component, the two-particle Fock state expansion with spin-0
diquark can be expressed in terms of light-cone wave functions (LCWFs) ψλNλq with λN and
λq denoting the helicities of proton and quark respectively. We have
|u s〉± =
∫
dx d2p⊥
2(2pi)3
√
x(1− x)
[
ψ
±(u)
+ (x,b⊥)|+
1
2
s;xP+,p⊥〉
+ ψ
±(u)
− (x,p⊥)| −
1
2
s;xP+,p⊥〉
]
. (8)
The LCWFs emerging in above equation are defined as
ψ++(x,p⊥) = (m+ xM)ϕ/x,
ψ+−(x,p⊥) = −(px + ipy)ϕ/x,
ψ−+(x,p⊥) = −
[
ψ+−(x,p⊥)
]∗
,
ψ−−(x,p⊥) = ψ
+
+(x,p⊥), (9)
with
ϕ(x,p⊥) = −
gs√
1− x
x(1− x)
p2⊥ + [xM2s + (1− x)m2 − x(1− x)M2]
, (10)
where m, M and Ms are masses of quark, proton and spin-0 diquark respectively and gs is
the coupling constant.
The expansion of two-particle Fock state |µ A〉 where µ corresponds to the flavor index
u, d and A describes the axial-vector diquark with isospin-0 or 1 in the frame defined in Eq.
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(4) for proton spin component Jz = +
1
2
with spin-1 diquark, can be expressed in terms of
LCWFs ψλNλqλa . Here λN , λq and λa denote the helicities of proton, quark and axial-vector
diquark respectively. We have
|µ A〉+ =
∫
dx d2p⊥
2(2pi)3
√
x(1− x)
[
ψ+
+ 1
2
+1
(x,p⊥)
∣∣∣∣+12 + 1;x P+,p⊥
〉
+
ψ+
+ 1
2
−1(x,p⊥)
∣∣∣∣+12 − 1;x P+,p⊥
〉
+ ψ+− 1
2
+1
(x,p⊥)
∣∣∣∣−12 + 1;x P+,p⊥
〉
+
ψ+− 1
2
−1(x,p⊥)
∣∣∣∣−12 − 1;x P+,p⊥
〉]
. (11)
The LCWFs appearing in the above equation are further expressed as [6]
ψ+
+ 1
2
+1
(x,p⊥) =
(px − ipy)
x(1− x) φ,
ψ+
+ 1
2
−1(x,p⊥) = −x
(px + ipy)
x(1− x) φ,
ψ+− 1
2
+1
(x,p⊥) =
(m+ xM)
x
φ,
ψ+− 1
2
−1(x,p⊥) = 0, (12)
with
φ(x,p⊥) = −
ga√
1− x
x(1− x)
p2⊥ + [xM2a + (1− x)m2 − x(1− x)M2]
. (13)
where m, M and Ma are masses of quark, proton and spin-1 diquark respectively and ga is
the coupling constant.
Similarly, for Jz = −12 , the two particle Fock state expansion with spin-1 diquark can be
written as
|µ A〉− =
∫
dx d2p⊥
2(2pi)3
√
x(1− x)
[
ψ−
+ 1
2
+1
(x,p⊥)
∣∣∣∣+12 + 1;x P+,p⊥
〉
+
ψ−
+ 1
2
−1(x,p⊥)
∣∣∣∣+12 − 1;x P+,p⊥
〉
+ ψ−− 1
2
+1
(x,p⊥)
∣∣∣∣−12 + 1;x P+,p⊥
〉
+
ψ−− 1
2
−1(x,p⊥)
∣∣∣∣−12 − 1;x P+,p⊥
〉]
. (14)
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The LCWFs in this case are given as
ψ−
+ 1
2
+1
(x,p⊥) = 0,
ψ−
+ 1
2
−1(x,p⊥) = −ψ+− 1
2
+1
(x,p⊥),
ψ−− 1
2
+1
(x,p⊥) =
[
ψ+
+ 1
2
−1(x,p⊥)
]∗
,
ψ−− 1
2
−1(x,p⊥) =
[
ψ+
+ 1
2
+1
(x,p⊥)
]∗
. (15)
The nucleon tree-level cut amplitude N → q + X is used for the calculation of quark-
quark correlation function, where X is considered as either scalar or axial-vector diquark.
In the case of the other spectator diquark models used in literature, the proton wavefunc-
tion assumes an SU(4) spin-isospin symmetry leading to the probabilistic weights of the
scalar isoscalar (u−quark with scalar-diquark), vector isoscalar (u−quark with axial-vector
diquark) and vector isovector (d−quark with axial-vector diquark) to be 3:1:2. The overall
size of the couplings are balanced such that the total number of quarks become three. In
the present work, because of the non-vanishing relative orbital angular momentum of the
quark-diquark system in its ground state, the proton wave-function does not exhibit SU(4)
spin-isospin symmetry and the coefficients become 3 times smaller. Here the total number
of quarks “seen” explicitly is only one, whereas the other two are hidden inside the diquark.
It would be important to mention here that the total number of quarks in this case is also
three. Also, the diquark which is not an elementary particle and is composed of two quarks
can be probed by a photon.
III. QUARK WIGNER DISTRIBUTION
Wigner distributions of the quark ρ[Γ] relate to GTMDs through the quark-quark corre-
lator or the Wigner operator W [Γ] as [52, 56, 59]
ρ[Γ](b⊥,p⊥, x;S) =
∫
d2∆⊥
(2pi)2
e−i∆⊥·b⊥W [Γ](∆⊥,p⊥, x;S), (16)
where the Wigner operator W [Γ](∆⊥,p⊥, x;S) at fixed light-cone time z+ = 0 is defined as
W [Γ](∆⊥,p⊥, x;S) =
1
2
∫
dz−d2z⊥
(2pi)3
eip·z 〈P ′′;S| ψ¯(−z/2)ΓW[− z
2
, z
2
]ψ(z/2) |P ′;S〉
∣∣∣
z+=0
. (17)
Here P
′′
and P
′
are initial and final momenta of proton state, S is the spin of proton and Γ
refers to the specific Dirac γ-matrices γ+, γ+γ5, iσ
j+γ5, where j = 1 or 2.
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On integrating over the impact-parameter space b⊥, the Wigner distributions reduce to
TMD correlators Φ[Γ] in the absence of total momentum transfer to the hadron ~∆⊥ = 0⊥
[52, 59]. We have ∫
d2b⊥ρ[Γ](b⊥,p⊥, x;S) = W
[Γ](0⊥,p⊥, x;S)
≡ Φ[Γ](p⊥, x;S). (18)
On the other hand, the Wigner distributions reduce to two-dimensional Fourier transforma-
tions of GPD correlators F [Γ], when integrated over the transverse momentum component
p⊥. In the absence of light-front transverse co-ordinates i.e. at z⊥ = 0⊥, we have∫
d2p⊥ρ[Γ](b⊥,p⊥, x;S) =
∫
d2∆⊥
(2pi)2
e−i∆⊥·b⊥F [Γ](∆⊥, x;S), (19)
with
F [Γ](∆⊥, x;S) ≡ 1
2
∫
dz−
2pi
eip·z 〈P ′′;S| ψ¯(−z/2)ΓW[− z
2
, z
2
]ψ(z/2) |P ′;S〉
∣∣∣
z+=z⊥=0
. (20)
Further, the Wigner distribution reduce to three-dimensional quark densities by integrating
over the two orthogonal directions of transverse plane, i.e. over bx and py or by and px. At
∆x = zy = 0, we have ∫
dbxdkyρ
[Γ](b⊥,k⊥, x;S) ≡ ρ¯[Γ](by, px, x;S), (21)
and at ∆y = zx = 0, we have∫
dbydkxρ
[Γ](b⊥,k⊥, x;S) ≡ ρ˜[Γ](bx, py, x;S). (22)
The combinations of different polarization configurations of the proton and the quark
describe 16 independent twist-2 quark Wigner distributions [53, 60]. We have the Wigner
distribution for an unpolarized quark in the unpolarized proton as
ρUU(b⊥,p⊥, x) =
1
2
[
ρ[γ
+](b⊥,p⊥, x; +Sˆz) + ρ[γ
+](b⊥,p⊥, x;−Sˆz)
]
, (23)
for a longitudinally-polarized quark in the unpolarized proton as
ρUL(b⊥,p⊥, x) =
1
2
[
ρ[γ
+γ5](b⊥,p⊥, x; +Sˆz) + ρ[γ
+γ5](b⊥,p⊥, x;−Sˆz)
]
, (24)
for a transversely-polarized quark in the unpolarized proton as
ρjUT (b⊥,p⊥, x) =
1
2
[
ρ[iσ
+jγ5](b⊥,p⊥, x; +Sˆz) + ρ[iσ
+jγ5](b⊥,p⊥, x;−Sˆz)
]
, (25)
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for an unpolarized quark in the longitudinally-polarized proton as
ρLU(b⊥,p⊥, x) =
1
2
[
ρ[γ
+](b⊥,p⊥, x; +Sˆz)− ρ[γ+](b⊥,p⊥, x;−Sˆz)
]
, (26)
for a longitudinally-polarized quark in the longitudinally-polarized proton as
ρLL(b⊥,p⊥, x) =
1
2
[
ρ[γ
+γ5](b⊥,p⊥, x; +Sˆz)− ρ[γ+γ5](b⊥,p⊥, x;−Sˆz)
]
, (27)
for a transversely-polarized quark in the longitudinally-polarized proton as
ρjLT (b⊥,p⊥, x) =
1
2
[
ρ[iσ
+jγ5](b⊥,p⊥, x; +Sˆz)− ρ[iσ+jγ5](b⊥,p⊥, x;−Sˆz)
]
, (28)
for an unpolarized quark in the transversely-polarized proton as
ρiTU(b⊥,p⊥, x) =
1
2
[
ρ[γ
+](b⊥,p⊥, x; +Sˆi)− ρ[γ+](b⊥,p⊥, x;−Sˆi)
]
, (29)
for a longitudinally-polarized quark in the transversely-polarized proton as
ρiTL(b⊥,p⊥, x) =
1
2
[
ρ[γ
+γ5](b⊥,p⊥, x; +Sˆi)− ρ[γ+γ5](b⊥,p⊥, x;−Sˆi)
]
, (30)
for a transversely-polarized quark in the transversely-polarized proton as
ρTT (b⊥,p⊥, x) =
1
2
δij
[
ρ[iσ
+jγ5](b⊥,p⊥, x; +Sˆi)− ρ[iσ+jγ5](b⊥,p⊥, x;−Sˆi)
]
, (31)
and finally the pretzelous Wigner distribution as
ρ⊥TT (b⊥,p⊥, x) =
1
2
ij
[
ρ[iσ
+jγ5](b⊥,p⊥, x; +Sˆi)− ρ[iσ+jγ5](b⊥,p⊥, x;−Sˆi)
]
. (32)
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The Wigner distributions for the scalar diquarks using Eqs. (16) and (17) are
ρ
q(s)
UU (b⊥,p⊥, x) =
1
(2pi)216pi3
∫
d∆xd∆y cos(∆xbx + ∆yby)
× 1
x2
[(
p2⊥ −
(1− x)2
4
∆2⊥
)
+ (m+ xM)2
]
ϕ†(p′′⊥)ϕ(p
′
⊥), (33)
ρ
q(s)
UL (b⊥,p⊥, x) =
1
(2pi)216pi3
∫
d∆xd∆y sin(∆xbx + ∆yby)
× (∆ypx −∆xpy)(1− x)
x2
ϕ†(p′′⊥)ϕ(p
′
⊥), (34)
ρ
qj(s)
UT (b⊥,p⊥, x) =
1
(2pi)216pi3
∫
d∆xd∆y sin(∆xbx + ∆yby)
× ∆y (1− x)(m+ xM)
x2
ϕ†(p′′⊥)ϕ(p
′
⊥), (35)
ρ
q(s)
LU (b⊥,p⊥, x) = −
1
(2pi)216pi3
∫
d∆xd∆y sin(∆xbx + ∆yby)
× (∆ypx −∆xpy)(1− x)
x2
ϕ†(p′′⊥)ϕ(p
′
⊥), (36)
ρ
q(s)
LL (b⊥,p⊥, x) = −
1
(2pi)216pi3
∫
d∆xd∆y cos(∆xbx + ∆yby)
× 1
x2
[(
p2⊥ −
(1− x)2
4
∆2⊥
)
− (m+ xM)2
]
ϕ†(p′′⊥)ϕ(p
′
⊥), (37)
ρ
qj(s)
LT (b⊥,p⊥, x) = −
2
(2pi)216pi3
∫
d∆xd∆y cos(∆xbx + ∆yby)
× px (m+ xM)
x2
ϕ†(p′′⊥)ϕ(p
′
⊥), (38)
ρ
iq(s)
TU (b⊥,p⊥, x) = −
1
(2pi)216pi3
∫
d∆xd∆y cos(∆xbx + ∆yby)
× ∆x (1− x)(m+ xM)
x2
ϕ†(p′′⊥)ϕ(p
′
⊥), (39)
ρ
iq(s)
TL (b⊥,p⊥, x) = −
2
(2pi)216pi3
∫
d∆xd∆y sin(∆xbx + ∆yby)
× py (m+ xM)
x2
ϕ†(p′′⊥)ϕ(p
′
⊥), (40)
ρ
q(s)
TT (b⊥,p⊥, x) =
1
(2pi)216pi3
∫
d∆xd∆y cos(∆xbx + ∆yby)
×
[(
p2⊥ −
(1− x)2
4
∆2⊥
)]
1
x2
ϕ†(p′′⊥)ϕ(p
′
⊥), (41)
ρ
⊥q(s)
TT (b⊥,p⊥, x) =
1
(2pi)216pi3
∫
d∆xd∆y sin(∆xbx + ∆yby)
× ij
[(
pipj − (1− x)
2
4
∆i∆j
)]
1
x2
ϕ†(p′′⊥)ϕ(p
′
⊥). (42)
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For the axial-vector diquarks we have
ρ
q(a)
UU (b⊥,p⊥, x) =
1
(2pi)216pi3
∫
d∆xd∆y cos(∆xbx + ∆yby)
×
[(
p2⊥ −
(1− x)2
4
∆2⊥
)
(1 + x)2
x2(1− x)2 +
(m+ xM)2
x2
]
φ†(p′′⊥)φ(p
′
⊥), (43)
ρ
q(a)
UL (b⊥,p⊥, x) =
1
(2pi)216pi3
∫
d∆xd∆y sin(∆xbx + ∆yby)
× (∆ypx −∆xpy)(1− x)(1− x
2)
x2(1− x)2 φ
†(p′′⊥)φ(p
′
⊥), (44)
ρ
qj(a)
UT (b⊥,p⊥, x) =
1
(2pi)216pi3
∫
d∆xd∆y sin(∆xbx + ∆yby)
× ∆y (m+ xM)
x2
φ†(p′′⊥)φ(p
′
⊥), (45)
ρ
q(a)
LU (b⊥,p⊥, x) =
1
(2pi)216pi3
∫
d∆xd∆y sin(∆xbx + ∆yby)
× (∆ypx −∆xpy)(1− x)(1− x
2)
x2(1− x)2 φ
†(p′′⊥)φ(p
′
⊥), (46)
ρ
q(a)
LL (b⊥,p⊥, x) =
1
(2pi)216pi3
∫
d∆xd∆y cos(∆xbx + ∆yby)
×
[(
p2⊥ −
(1− x)2
4
∆2⊥
)
(1 + x)2
x2(1− x)2 −
(m+ xM)2
x2
]
φ†(p′′⊥)φ(p
′
⊥),(47)
ρ
qj(a)
LT (b⊥,p⊥, x) =
2
(2pi)216pi3
∫
d∆xd∆y cos(∆xbx + ∆yby)
× px (m+ xM)
x2(1− x) φ
†(p′′⊥)φ(p
′
⊥), (48)
ρ
iq(a)
TU (b⊥,p⊥, x) =
1
(2pi)216pi3
∫
d∆xd∆y cos(∆xbx + ∆yby)
× ∆x (m+ xM)
x
φ†(p′′⊥)φ(p
′
⊥), (49)
ρ
iq(a)
TL (b⊥,p⊥, x) = −
2
(2pi)216pi3
∫
d∆xd∆y sin(∆xbx + ∆yby)
× py (m+ xM)
x(1− x) φ
†(p′′⊥)φ(p
′
⊥), (50)
ρ
q(a)
TT (b⊥,p⊥, x) = −
2
(2pi)216pi3
∫
d∆xd∆y cos(∆xbx + ∆yby)
×
[(
p2⊥ −
(1− x)2
4
∆2⊥
)]
1
x(1− x)2 φ
†(p′′⊥)φ(p
′
⊥), (51)
ρ
⊥q(a)
TT (b⊥,p⊥, x) = 0. (52)
Here ϕ†(p′′⊥)ϕ(p
′
⊥) and φ
†(p′′⊥)φ(p
′
⊥) can be calculated using Eqs. (10) and (13) respectively
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for the initial and final momentum of the active quark being
p′⊥ = p⊥ − (1− x)
∆⊥
2
, p′′⊥ = p⊥ + (1− x)
∆⊥
2
. (53)
respectively.
IV. GENERALIZED TRANSVERSE MOMENTUM DEPENDENT PARTON DIS-
TRIBUTIONS (GTMDS)
The GTMDs, under certain kinematic limits, reduce to GPDs and TMDs. For the twist-2
case, the GTMDs relate to the Wigner correlator as follows [9, 77, 78]
W
[γ+]
λλ′ =
1
2M
u¯(p′, λ′)
[
F1,1 +
iσi+ki⊥
P+
F1,2 +
iσi+∆i⊥
P+
F1,3
+
iσijki⊥∆
j
⊥
M2
F1,4
]
u(p, λ) , (54)
W
[γ+γ5]
λλ′ =
1
2M
u¯(p′, λ′)
[
− iε
ij
⊥k
i
⊥∆
j
⊥
M2
G1,1 +
iσi+γ5k
i
⊥
P+
G1,2 +
iσi+γ5∆
i
⊥
P+
G1,3
+iσ+−γ5G1,4
]
u(p, λ) , (55)
W
[iσj+γ5]
λλ′ =
1
2M
u¯(p′, λ′)
[
− iε
ij
⊥k
i
⊥
M
H1,1 − iε
ij
⊥∆
i
⊥
M
H1,2 +
M iσj+γ5
P+
H1,3
+
kj⊥ iσ
k+γ5k
k
⊥
M P+
H1,4 +
∆j⊥ iσ
k+γ5k
k
⊥
M P+
H1,5 +
∆j⊥ iσ
k+γ5∆
k
⊥
M P+
H1,6
+
kj⊥ iσ
+−γ5
M
H1,7 +
∆j⊥ iσ
+−γ5
M
H1,8
]
u(p, λ), (56)
where the antisymmetric tensor is ij⊥ = 
−+ij and 0123 = 1.
There are 16 complex-valued twist-2 GTMDs which depend upon the variables
(x, ζ,~k2⊥, ~k⊥.~∆⊥, ~∆
2
⊥). For zero skewness i.e. ζ = 0, one is left with 10 non-zero twist-2
GTMDs. One can write all GTMDs X in terms of the real Xe and imaginary Xo parts as
follows
X(x, ζ,~k2⊥, ~k⊥.~∆⊥, ~∆
2
⊥) = X
e(x, ζ,~k2⊥, ~k⊥.~∆⊥, ~∆
2
⊥) + iX
o(x, ζ,~k2⊥, ~k⊥.~∆⊥, ~∆
2
⊥). (57)
The explicit expressions of GTMDs for scalar and axial-vector diquarks at ζ 6= 0 (non-
zero skewness) are calculated by using Eqs. (17), (54), (55) and (56). For the scalar (spin-0)
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case we have
F
(s)
1,1 (x, ζ,∆⊥,p⊥) =
1
16pi3
[(
p2⊥ −
(1− x′)(1− x′′)
4
∆2⊥ + (px∆x + py∆y)
(x′ − x′′)
2
)
+ (m+ x′M)(m+ x′′M)
]
1
x′x′′
ϕ†(x′′,p′′⊥) ϕ(x
′,p′⊥), (58)
F
(s)
1,2 (x, ζ,∆⊥,p⊥) =
1
16pi3
M
x′x′′
[
(m+ x′′M)− (m+ x′M)] ϕ†(x′′,p′′⊥) ϕ(x′,p′⊥), (59)
F
(s)
1,3 (x, ζ,∆⊥,p⊥) =
F1,1
2
− 1
(2)16pi3
M
x′x′′
[
(m+ x′′M)(1− x′) + (m+ x′M)(1− x′′)
]
× ϕ†(x′′,p′′⊥)ϕ(x′,p′⊥), (60)
F
(s)
1,4 (x, ζ,∆⊥,p⊥) =
1
2(16pi3)
M2
(2− x′ − x′′)
x′x′′
ϕ†(x′′,p′′⊥) ϕ(x
′,p′⊥), (61)
G
(s)
1,1(x, ζ,∆⊥,p⊥) = −
1
16pi3
M2
(2− x′ − x′′)
x′x′′
ϕ†(x′′,p′′⊥) ϕ(x
′,p′⊥), (62)
G
(s)
1,2(x, ζ,∆⊥,p⊥) =
1
16pi3
M
2
1
x′x′′
[
(m+ x′M) + (m+ x′′M)
]
ϕ†(x′′,p′′⊥) ϕ(x
′,p′⊥), (63)
G
(s)
1,3(x, ζ,∆⊥,p⊥) =
1
16pi3
M
2
[
(m+ x′M)(1− x′′)− (m+ x′′M)(1− x′)]
× ϕ†(x′′,p′′⊥) ϕ(x′,p′⊥), (64)
G
(s)
1,4(x, ζ,∆⊥,p⊥) = −
1
16pi3
[(
p2⊥ −
(1− x′)(1− x′′)
4
∆2⊥ + (px∆x + py∆y)
(x′ − x′′)
2
)
− (m+ x′M)(m+ x′′M)
]
1
x′x′′
ϕ†(x′′,p′′⊥) ϕ(x
′,p′⊥), (65)
H
(s)
1,1(x, ζ,∆⊥,p⊥) =
1
16pi3
M2
x′x′′
[
(m+ x′M)− (m+ x′′M)] ϕ†(x′′,p′′⊥) ϕ(x′,p′⊥), (66)
H
(s)
1,2(x, ζ,∆⊥,p⊥) =
1
16pi3
M2
2
1
x′x′′
[
(m+ x′M)(1− x′′) + (m+ x′′M)(1− x′)]
× ϕ†(x′′,p′′⊥) ϕ(x′,p′⊥), (67)
H
(s)
1,3(x, ζ,∆⊥,p⊥) = −
1
16pi3
[
p2⊥ + (px∆x + py∆y)(x
′ − x′′)] 1
x′x′′
ϕ†(x′′,p′′⊥) ϕ(x
′,p′⊥),
(68)
H
(s)
1,4(x, ζ,∆⊥,p⊥) =
2
16pi3
M2
x′x′′
φ†(x′′,p′′⊥) φ(x
′,p′⊥), (69)
H
(s)
1,5(x, ζ,∆⊥,p⊥) =
1
2(16pi3)
M2
2
(x′′ − x′)
x′x′′
ϕ†(x′′,p′′⊥) ϕ(x
′,p′⊥), (70)
H
(s)
1,6(x, ζ,∆⊥,p⊥) =
1
16pi3
M2
2
(1− x′)(1− x′′)
2x′x′′
ϕ†(x′′,p′′⊥) ϕ(x
′,p′⊥), (71)
H
(s)
1,7(x, ζ,∆⊥,p⊥) = −
1
2(16pi3)
M
x′x′′
[
(m+ x′M) + (m+ x′′M)
]
ϕ†(x′′,p′′⊥) ϕ(x
′,p′⊥),
(72)
H
(s)
1,8(x, ζ,∆⊥,p⊥) =
1
2(16pi3)
M
2 x′x′′
[
(m+ x′′M)(1− x′) + (m+ x′M)(1− x′′)]
× ϕ†(x′′,p′′⊥) ϕ(x′,p′⊥), (73)
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and for the axial-vector (spin-1) case we have
F
(a)
1,1 (x, ζ,∆⊥,p⊥) =
1
16pi3
[(
p2⊥ −
(1− x′)(1− x′′)
4
∆2⊥ + (px∆x + py∆y)
(x′ − x′′)
2
)
× (1 + x
′x′′)
x′x′′(1− x′)(1− x′′) +
(m+ x′M)(m+ x′′M)
x′x′′
]
× φ†(x′′,p′′⊥) φ(x′,p′⊥), (74)
F
(a)
1,2 (x, ζ,∆⊥,p⊥) =
1
16pi3
M
[
m+ x′M
x′(1− x′′) −
m+ x′′M
x′′(1− x′)
]
φ†(x′′,p′′⊥) φ(x
′,p′⊥), (75)
F
(a)
1,3 (x, ζ,∆⊥,p⊥) =
F1,1
2
+
1
16pi3
M
[
m+ x′M
x′
+
m+ x′′M
x′′
]
φ†(x′′,p′′⊥) φ(x
′,p′⊥), (76)
F
(a)
1,4 (x, ζ,∆⊥,p⊥) =
1
2(16pi3)
M2
(1− x′x′′)(2− x′ − x′′)
x′x′′(1− x′)(1− x′′) φ
†(x′′,p′′⊥) φ(x
′,p′⊥), (77)
G
(a)
1,1(x, ζ,∆⊥,p⊥) = −
1
16pi3
M2
(1− x′x′′)(2− x′ − x′′)
x′x′′(1− x′)(1− x′′) φ
†(x′′,p′′⊥) φ(x
′,p′⊥), (78)
G
(a)
1,2(x, ζ,∆⊥,p⊥) = −
1
16pi3
M
[
m+ x′M
x′(1− x′′) +
m+ x′′M
x′′(1− x′)
]
φ†(x′′,p′′⊥) φ(x
′,p′⊥), (79)
G
(a)
1,3(x, ζ,∆⊥,p⊥) = −
1
16pi3
M
2
[
m+ x′M
x′
− m+ x
′′M
x′′
]
φ†(x′′,p′′⊥) φ(x
′,p′⊥), (80)
G
(a)
1,4(x, ζ,∆⊥,p⊥) =
1
16pi3
[(
p2⊥ −
(1− x′)(1− x′′)
4
∆2⊥ + (px∆x + py∆y)
(x′ − x′′)
2
)
× (1 + x
′x′′)
x′x′′(1− x′)(1− x′′) −
(m+ x′M)(m+ x′′M)
x′x′′
]
× φ†(x′′,p′′⊥) φ(x′,p′⊥), (81)
H
(a)
1,1 (x, ζ,∆⊥,p⊥) =
1
16pi3
M2
[
m+ x′M
x′x′′(1− x′′) −
m+ x′′M
x′x′′(1− x′)
]
φ†(x′′,p′′⊥) φ(x
′,p′⊥), (82)
H
(a)
1,2 (x, ζ,∆⊥,p⊥) =
1
16pi3
M2
[
m+ x′M
x′x′′
+
m+ x′′M
x′x′′
]
φ†(x′′,p′′⊥) φ(x
′,p′⊥), (83)
H
(a)
1,3 (x, ζ,∆⊥,p⊥) = −
1
16pi3
[
p2⊥ + (px∆x + py∆y)(x
′ − x′′)] x′ + x′′
x′x′′(1− x′)(1− x′′)
× φ†(x′′,p′′⊥) φ(x′,p′⊥), (84)
H
(a)
1,4 (x, ζ,∆⊥,p⊥) =
1
16pi3
M2
(x′ − x′′)
x′x′′(1− x′)(1− x′′) φ
†(x′′,p′′⊥) φ(x
′,p′⊥), (85)
H
(a)
1,5 (x, ζ,∆⊥,p⊥) =
1
2(16pi3)
M2
(x′ − x′′)2
x′x′′(1− x′)(1− x′′) φ
†(x′′,p′′⊥) φ(x
′,p′⊥), (86)
H
(a)
1,6 (x, ζ,∆⊥,p⊥) = −
1
16pi3
M2
(x′ + x′′)
x′x′′
φ†(x′′,p′′⊥) φ(x
′,p′⊥), (87)
H
(a)
1,7 (x, ζ,∆⊥,p⊥) =
1
2(16pi3)
M
[
m+ x′M
x′x′′(1− x′′) +
m+ x′′M
x′x′′(1− x′)
]
φ†(x′′,p′′⊥) φ(x
′,p′⊥),(88)
H
(a)
1,8 (x, ζ,∆⊥,p⊥) =
1
2(16pi3)
M
[
m+ x′M
x′x′′
− m+ x
′′M
x′x′′
]
φ†(x′′,p′′⊥) φ(x
′,p′⊥). (89)
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Here the initial and final momenta of the active quark are expressed as
p′⊥ = p⊥ − (1− x′)
∆⊥
2
, with x′ =
x+ ζ
1 + ζ
; (90)
p′′⊥ = p⊥ + (1− x′′)
∆⊥
2
, with x′′ =
x− ζ
1− ζ . (91)
V. RESULTS AND DISCUSSION
The calculations of the Wigner distributions and GTMDs involve the inputs for the
diquark mass (Ms) and the coupling (cs) for the scalar isoscalar diquark, the axial-vector
diquark mass (Ma) and the coupling corresponding to ud-system with Iz = 0 (ga) as well as
the axial-vector diquark mass (M ′a) and coupling corresponding to uu-system with Iz = 1
(g′a). The diquark mass and the couplings have been summarized in Table I. The constituent
quark mass is taken to be m = 0.33 GeV in the present calculations. We choose ζ < x < 1
region to plot GTMDs and for Wigner distributions, we choose the frame where ζ = 0 i.e.
0 < x < 1. It is important to mention here that this model is not applicable in the x −→ 1
regime [79].
Diquark MX in GeV cX
ud (Scalar s) 0.822 ± 0.053 0.847 ± 0.111
ud (Axial-vector a) 1.492 ± 0.173 1.061 ± 0.085
uu (Axial-vector a′) 0.890 ± 0.008 0.880 ± 0.008
TABLE I: The diquark masses MX and couplings cX for X = s, a, a
′ where s corresponds to the
scalar isoscalar, a corresponds to the vector isoscalar diquark and a′ corresponds to the vector
isovector diquark [6].
The quark flavors are related to the scalar and vector diquarks as [6]
ωu = c2s ω
u(s) + c2a ω
u(a), (92)
ωd = c′2a ω
d(a′), (93)
where ω can correspond to the Wigner distributions ρ defined in Section III or the GTMDs
F , G and H defined in Section IV.
16
Using the above mentioned parameters, we now plot the purely transverse Wigner distri-
butions in impact-parameter space (b⊥) and in transverse momentum space (p⊥).
ρ(b⊥,p⊥) ≡
∫
dx ρ(b⊥,p⊥, x). (94)
The Wigner distributions are the quasi-probabilistic distributions due to Heisenberg’s un-
certainty principle. To get the actual probabilistic results, one has to integrate Wigner dis-
tributions over b⊥ and p⊥ leading to TMDs and GPDs respectively. By integrating Wigner
distributions over bx and py, we can calculate the mixed probability densities ρ(by, px) as
follows ∫
dbxdpyρ(b⊥,p⊥) ≡ ρ¯(by, px). (95)
In Figs. (1)-(9), we plot the Wigner distributions for the unpolarized, longitudinally-
polarized and transversely polarized proton with the different polarization combinations
of quark (u or d). We take the fixed quark transverse momentum and impact-parameter
co-ordinate along yˆ i.e. py = 0.5 GeV and by = 0.4 GeV to present the Wigner distribu-
tion in impact-parameter space and in momentum space respectively. We have presented
the results of Wigner distributions under three broad categories: Wigner distributions for
unpolarized, longitudinally-polarized and transversely-polarized proton. The quarks in the
proton can further be unpolarized, longitudinally-polarized and transversely-polarized.
A. Wigner distributions for unpolarized proton
The unpolarized Wigner distributions in Fig. 1 throw light on the distributions of a
unpolarized quark in the unpolarized proton. Figs. 1(a) and 1(d), presenting the unpolarized
Wigner distribution ρUU for u and d quark respectively in the impact-parameter space,
observe left-right symmetry which leads to the fact that the proton is same as viewed from
any direction. In other words, the quark has equal probability to move in either clockwise
or in anti-clockwise direction. There is also the top-bottom symmetry in this case. In
Figs. 1(b) and 1(e), for ρUU in momentum space for u quark and d quark respectively, a
circular symmetry is observed similar to the distribution in impact-parameter space but in
the opposite direction. It would be important to mention here that the distribution ρUU
is connected to the chiral-even GPDs H and E together in the impact parameter space
and to the T-even TMD f1 in the momentum space. The unpolarized Wigner distributions
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(a) (b) (c)
(d) (e) (f)
FIG. 1: The unpolarized Wigner distribution ρUU in impact-parameter space (bx, by), in momentum
space (px, py) and in mixed space (px, by) for u(d) quark presented in upper (lower) panel.
(a) (b) (c)
(d) (e) (f)
FIG. 2: The unpolarized-longitudinal Wigner distribution ρUL in impact-parameter space (bx, by),
in momentum space (px, py) and in mixed space (px, by) for u(d) quark presented in upper (lower)
panel.
in the mixed space shows a axially symmetric behavior as shown in Figs. 1(c) and 1(f).
The distributions for d quark are concentrated at the center and fall off quickly at low
values of impact parameter or momentum. The distributions of u quark, on the other hand,
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(a) (b) (c)
(d) (e) (f)
FIG. 3: The unpolarized-transverse Wigner distribution ρjUT in impact-parameter space (bx, by),
in momentum space (px, py) and in mixed space (px, by) for u(d) quark presented in upper (lower)
panel.
are concentrated at the center but spread out till the higher values of impact parameter
or momentum. When compared with similar work carried out in different models like the
light-cone spectator model [51], AdS/QCD quark-diquark model [52], and light-front dressed
quark model [55], we observe that the distributions in impact-parameter space are consistent
with our results. However, the distributions of all the models in the momentum space are in
opposite direction when compared to our results. This leads to a very important observation
that even through the the quark and the proton are unpolarized, the distributions have
implications on the transverse momentum carried by the quark as well as on the impact-
parameter co-ordinate.
In Fig. 2, we plot the Wigner distribution describing a longitudinally-polarized quark in
the unpolarized proton viz. ρUL in three spaces namely impact-parameter space, momentum
space and mixed space. It shows a dipole behavior in impact-parameter space as well as in
momentum space for u and d quark as shown in Figs. 2(a), 2(b), 2(d) and 2(e). The dipolar
structure polarity in the case of impact-parameter space is however inverse as compared to
the momentum space. The distribution ρUL(px, by) in the mixed space describes quadrupole
structures for both u and d quarks with same polarities as shown in Fig. 2(c) and 2(e). The
dipole structure is due to the advantaged direction by the quark polarization. There are no
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TMDs and GPDs corresponding to ρUL but the physical significance of this distribution is
related to spin-orbital correlations. This correlation can be conformed with the quadrupole
structure of the distribution in mixed space. Our results are in agreement with the light-cone
spectator model [51], the AdS/QCD quark-diquark model [52], and the light-front dressed
quark model [55] for the distributions in impact-parameter space, momentum space as well
as mixed space.
In Fig. 3, we plot unpolarized-transverse Wigner distribution ρjUT (b⊥,p⊥) describing a
transversely polarized quark (polarized along x-axis i.e. j = 1) in the unpolarized proton.
The distributions for u and d quark in the impact-parameter space show a dipolar structure
(Figs. 3(a) and 3(d)) and a circularly symmetric behavior in momentum space (Figs. 3(b)
and 3(e)). We observe that Wigner distribution ρjUT become zero, if the direction chosen
for quark transverse co-ordinate is parallel to the quark polarization. In other words, there
is a strong correlation between quark spin direction and the perpendicular transverse co-
ordinate whereas no correlation exists between quark polarization and the parallel transverse
co-ordinates. The mixed distribution ρjUT (px, by) relates to a dipolar structure with the
extended peaks towards impact-parameter co-ordinate by shown in Figs. 3(c) and 3(f). The
unpolarized-transverse Wigner distribution is correlated with T-odd TMD h⊥1 entitled as
Boer-Mulder’s function and the combination of ET and H˜T at TMD limit and IPD (impact-
parameter distribution) limit respectively. Since, in the present calculations, we are not
taking the gluon contribution into consideration, so no T-odd TMD will be generated from
ρjUT . This may lead to the possibility of building some relation between the TMD h
⊥
1 and
combination of ET and H˜T at TMD limit and IPD (impact-parameter distribution) limit
respectively. In this case our results agree with the light-cone spectator model [51] and
the AdS/QCD quark-diquark model [52] for the distributions in impact-parameter space,
momentum space as well as mixed space. The light-front dressed quark model [55] however
show a dipolar structure for the distributions in momentum space as compared to other
models. This may not be taken as a contradiction because of different model assumptions.
The light-front dressed quark model calculates the distributions for the composite spin-1/2
system whereas other models present the explicit distributions corresponding to u and d
quarks.
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(a)
Out[6]=
(b) (c)
(d) (e) (f)
FIG. 4: The longitudinal-unpolarized Wigner distribution ρLU in impact-parameter space (bx, by),
in momentum space (px, py) and in mixed space (px, by) for u(d) quark presented in upper (lower)
panel.
(a) (b) (c)
(d) (e) (f)
FIG. 5: The longitudinal Wigner distribution ρLL in impact-parameter space (bx, by), in momentum
space (px, py) and in mixed space (px, by) for u(d) quark presented in upper (lower) panel.
B. Wigner distributions for longitudinally-polarized proton
In Fig. 4, we plot the Wigner distribution for a unpolarized quark in the longitudinally-
polarized proton ρLU . Figs. 4(a) and 4(d), show a dipole structure in the impact-parameter
21
(a) (b) (c)
(d) (e) (f)
FIG. 6: The longitudinal-transverse Wigner distribution ρjLT in impact-parameter space (bx, by),
in momentum space (px, py) and in mixed space (px, by) for u(d) quark presented in upper (lower)
panel.
space for ρLU whereas it describes the same structure with the opposite polarities in the
momentum space as shown in Figs. 4(b) and 4(e). For mixed distribution ρLU(px, by),
Fig. 4(c) and 4(f) shows a quadrupole structure for both quarks. The polarities of this
distribution are opposite for u and d quarks in all the three spaces. Similar to ρUL, in this
case also, neither TMDs nor GPDs are present leading to the orbital angular momentum
problem.
In Fig. 5, the distribution ρLL describes the case where both proton and quark are
polarized in the longitudinal direction. ρLL is plotted in the impact-parameter space, the
momentum space and the mixed space. It can be clearly seen that the ρLL distribution is
quite similar to ρUU , concentrating at the center symmetrically for both quarks in the impact-
parameter space (Figs. 5(a) and 5(d)) while the polarity changes in momentum space (Figs.
5(b) and 5(e)). In mixed space, the distribution shows axially symmetric results as seen
from Figs. 5(c) and 5(f). The TMD g1 is associated with this Wigner distribution in the
TMD limit. The distribution ρLL is related to the combination of GPDs H and H˜ at the
IPD limit which are chiral-even GPDs.
The distribution for a transversely-polarized quark along xˆ in the longitudinally-polarized
proton, ρjLT (b⊥,p⊥) is shown in Fig. 6. In Figs. 6(a) and 6(d), we plot ρ
j
LT in the impact-
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parameter space where the distribution is circularly symmetric about the center, bx = by = 0
for u and d quarks respectively with the inverse polarities. In the momentum space (Figs.
6(b) and 6(e)) and in the mixed space (Fig. 6(c) and 6(f)), this distribution exhibits dipole
structure having opposite polarities for both quarks. From Eqs. (38) and (48), we see that if
transverse momentum of quark is perpendicular to the quark polarization, this distribution
will vanish. The correlation between the transverse momentum and polarization of quark
is strong while the correlation between impact-parameter co-ordinates and polarization of
quark is weak in this model. At TMD and IPD limits, ρjLT is connected to T-even TMD h
⊥
1L
and a fusion of GPDs HT and H˜T respectively.
In all the above cases for the longitudinally-polarized proton our results are in exact
agreement with the light-cone spectator model [51], AdS/QCD quark-diquark model [52]
and the light-front dressed quark model [55] for the distributions in impact-parameter space,
momentum space as well as mixed space as far as the type of distributions are concerned.
When it comes to the signs of explicit u and d quark distributions, no general comparisons
can be made between the models. This is so because the proton in these distributions is
longitudinally polarized. Future measurements taking into account different polarizations
of the quark and proton will throw considerable light on the deeper implications of the
interplay between the quark and proton spin.
C. Wigner distributions for transversely-polarized proton
In Fig. 7, we display the distribution of unpolarized quark in proton which is polarized
along xˆ (i = 1), ρiTU . We observe an asymmetry in impact-parameter space as shown in
Figs. 7(a) and 7(d). The asymmetry in this case is not located in any particular direction.
But it exhibits the strong correlation of the proton polarization with the parallel transverse
co-ordinate instead when spin direction is perpendicular to the quark transverse co-ordinate
as can be seen from Eqs. (39) and (49). When we see the effect of this distribution in
momentum space (Figs. 7(b) and 7(e)), we find a circular structure. In the mixed space,
ρiTU(px, by) shows axially symmetric distribution as seen from Figs. 7(c) and 7(f). The
three spaces contribution to ρiTU show inverse polarities for u and d quarks. At TMD limit,
transverse-unpolarized Wigner distribution is linked to Siver’s function f⊥1T which is a T-odd
TMD. As discussed earlier since, in the present calculations, we are not taking the gluon
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FIG. 7: The transverse-unpolarized Wigner distribution ρiTU in impact-parameter space (bx, by),
in momentum space (px, py) and in mixed space (px, by) for u(d) quark presented in upper (lower)
panel.
contribution into consideration, so no T-odd TMD will be generated from ρiTU . At IPD
limit, this distribution is connected to chiral-even GPDs E and H. This leads to a very
important observation that the gauge link is nontrivial and will play a key role in building
a relation between Siver’s TMD and the GPDs.
In Fig. 8, the distribution of a longitudinally-polarized quark in the transversely-polarized
proton, ρiTL is shown. We take proton spin along xˆ. The distribution in the impact-parameter
space shows a dipolar structure displayed in Figs. 8(a) and 8(d) for u and d quark respec-
tively. In momentum space, ρiTL shows a dipolar behavior locating towards px as shown in
Figs. 8(b) and 8(e). In mixed space, the distribution exhibits the quadrupole structure as
shown in Figs. 8(c) and 8(f). The GPDs H˜ and E˜ are related to this distribution at IPD
limit and the TMD g1T is associated with it at TMD limit.
We plot the transverse Wigner distribution ρTT , when both the quark and proton are
transversely polarized along same direction in Fig. 9. When the quark is polarized to
the direction perpendicular to that of the proton, there is one more distribution known as
pretzelous Wigner distribution denoted as ρ⊥TT which comes out to be zero in this model for
the case of axial-vector diquark. The transverse distribution (ρTT ) is having an opposite
polarity when compared with the unpolarized Wigner distributions (ρUU) and longitudinal
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FIG. 8: The transverse-longitudinal Wigner distribution ρiTL in impact-parameter space (bx, by),
in momentum space (px, py) and in mixed space (px, by) for u(d) quark presented in upper (lower)
panel.
(a) (b) (c)
(d) (e) (f)
FIG. 9: The transverse Wigner distribution ρTT in impact-parameter space (bx, by), in momentum
space (px, py) and in mixed space (px, by) for u(d) quark presented in upper (lower) panel.
Wigner distributions (ρLL) in the impact-parameter space (Figs. 9(a) and 9(d)), in the
momentum space (Figs. 9(b) and 9(e)) as well as in the mixed space (Figs. 9(c) and 9(f)).
ρTT is related to the TMD h1 and to the combination of two GPDs denoted as HT and H˜T
at TMD and IPD limit respectively.
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In the different cases of transversely-polarized proton our results are mostly in agreement
with the light-cone spectator model [51] for the type of distributions with a few exceptions.
The AdS/QCD quark-diquark model [52] results differ for the type of distributions as well
as for the signs of distributions. The disagreement increases when we move from the case
of unpolarized quark and transversely-polarized proton to the case of transversely-polarized
quark and transversely-polarized proton. Same is true in the case of the light-front dressed
quark model [55]. This holds for the distributions in impact-parameter space, momentum
space as well as mixed space. The results corresponding to the case of transversely-polarized
proton are nontrivial. The future experiments will not only provide a direct method to
determine the Wigner distributions but also impose important constraints on the correlation
between the proton polarization being parallel/perpendicular w.r.t. the quark.
D. Generalized Transverse Momentum-dependent parton Distributions (GTMDs)
As already stated, the GTMDs of partons are entitled as mother distributions due to the
reduction of these distributions to TMDs and GPDs by applying certain limits. In order
to understand the significance of ζ = − ∆+
2P+
, the momentum transferred to the proton in
longitudinal direction, we plot in Figs. 10-13, the GTMDs for different fixed values of ζ. We
take three different cases corresponding to ζ = 0, 0.4 and 0.6. There are total 16 complex-
valued GTMDs in this model at non-zero skewness for both u and d quarks corresponding
to diquarks ud and uu respectively in case of proton. It would be important to mention
here that the GTMDs can reduce to GPDs for non-zero skewness (ζ 6= 0) but not to TMDs.
This is because of the fact that TMDs do not depend on ζ but are functions of longitudinal
momentum fraction x and quark transverse momentum p⊥. The transverse distance between
struck quark and the center of momentum of proton differs by an amount of ζb in the initial
and final state of proton, when ζ 6= 0. Further, it would be interesting to study the GTMDs
at zero skewness for two possibilities. First by fixing ∆⊥ and taking different values of p⊥
and second by fixing p⊥ and taking different values of ∆⊥. In Figs. 14-17, we plot the
relation of GTMDs for zero skewness as a function of the longitudinal momentum fraction
x at different values of quark transverse momentum (p⊥) (∆⊥ fixed) and at different values
of momentum transferred to the proton (∆⊥) (p⊥ fixed) for both u quark and d quarks.
For the case of zero skewness, we are left with only 10 GTMDs for u and d quarks. We take
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FIG. 10: The variation of GTMDs F1,1(x, ζ,∆⊥,p⊥), F1,2(x, ζ,∆⊥,p⊥), F1,3(x, ζ,∆⊥,p⊥) and
F1,4(x, ζ,∆⊥,p⊥) with x for u and d quarks at ζ = 0, 0.4, 0.6.
p⊥ = 0.5 GeV and ∆max = 5 GeV and the quark composite mass as m = 0.3 GeV in the
present calculations.
In Fig. 10, we plot twist-2 GTMDs corresponding to unpolarized quark for Γ = γ+. We
have F1,1, F1,2, F1,3 and F1,4 at ζ = 0, 0.4, 0.6 for u and d quarks. From Eqs. (58) and
(74), we see that at ζ = 0, the second term does not contribute since x′ = x′′. The GTMD
F1,1 shown in Fig. 14(a), is related to unpolarized Wigner distribution ρUU at ζ = 0. The
distributions depend on the model parameters expressed in Table I. In Fig. 10(b), GTMD
F1,2 is shown for different values of ζ which, at ζ = 0, is zero in this model. For higher
values of ζ, the peak of F1,2 shifts towards higher values of x. This clearly indicates that
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FIG. 11: The variation of GTMDs G1,1(x, ζ,∆⊥,p⊥), G1,2(x, ζ,∆⊥,p⊥), G1,3(x, ζ,∆⊥,p⊥) and
G1,4(x, ζ,∆⊥,p⊥) with x for u and d quarks at ζ = 0, 0.4, 0.6.
as the momentum transferred to the proton increases the longitudinal momentum fraction
carried by the quark increases. The peak is more sharp in case of d quark as compared
to the case of u quark. In Fig. 10(c), we see the GTMD F1,3 shows similar variation as
in the case for F1,1 for both quarks. In Fig. 10(d), F1,4 shows that the height of peaks
distribution of both quarks increases and shifts towards higher x as ζ increases. At ζ = 0,
F1,4 relates to the orbital angular momentum problem. Further, its connection with orbital
angular momentum would make it accessible to lattice QCD [80]. Therefore, experimental
measurements on GTMDs would have important implications for the proton structure.
In Fig. 11, the GTMDs G1,1, G1,2, G1,3 and G1,4 describing the distributions correlated to
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FIG. 12: The variation of GTMDs H1,1(x, ζ,∆⊥,p⊥), H1,2(x, ζ,∆⊥,p⊥), H1,3(x, ζ,∆⊥,p⊥) and
H1,4(x, ζ,∆⊥,p⊥) with x for u and d quarks at ζ = 0, 0.4, 0.6.
longitudinally-polarized quark for Γ = γ+γ5 have been plotted. We observe that GTMD G1,1
shows nearly same variation as F1,4, however, with opposite polarities at different ζ. The
GTMD G1,1 being ‘partner’ of F1,4 is related as G1,1 = −F1,4. We observe that G1,1 = −F1,4
from Eqs. (61), (62), (77) and (78) for both scalar and axial-vector diquarks. In case of
G1,2 shown in Fig. 11(b), the distribution becomes more concentrated at the peaks when
the longitudinal momentum transferred is higher both in case of u and d quarks. From
Fig. 11(c) it is evident that the distribution G1,3 is zero at ζ = 0 while the peaks move
towards higher x by increasing ζ. The G1,4 distribution correlates with longitudinal Wigner
distribution which shows nearly equal distribution as the case for F1,1.
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FIG. 13: The variation of GTMDs H1,5(x, ζ,∆⊥,p⊥), H1,6(x, ζ,∆⊥,p⊥), H1,7(x, ζ,∆⊥,p⊥) and
H1,8(x, ζ,∆⊥,p⊥) with x for u and d quarks at ζ = 0, 0.4, 0.6.
In Figs. 12 and 13, the GTMDs related to transversely-polarized quark i.e. for Γ = iσj+γ5
are discussed, which are H1,i where i = 1, 2, ..., 8. The GTMDs H1,1, H1,5 and H1,8 are zero
when there is no momentum transferred in longitudinal direction (ζ = 0) for both u and
d quarks. Because of the scalar diquark contribution for u quark, the distribution H1,4
does not vanish at ζ = 0, while H1,4 vanishes in case of d quark as the scalar diquark
contribution is absent in this case. We take the quark polarization along xˆ. In Figs. 12(a)
and 12(d), the peaks of the distributions H1,1 and H1,4 move towards the higher values of
longitudinal momentum fraction carried by struck quark. The polarities are opposite for
these distributions. The distributions H1,2 and H1,6 are shown in Fig. 12(b) and 13(b)
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respectively. The peak of these distributions for ζ = 0.4 is maximum for both u and d
quarks, while for ζ = 0.6 GeV , the distribution peak is lower than the case of ζ = 0 for u
quark but for d quark, the peak is almost equal for ζ = 0 and ζ = 0.6. The distribution
H1,6 exhibits negative polarities as compared to H1,2. The distribution H1,3 for u quark
and d quark are shown in Fig. 12(c). For H1,5 the distribution peaks increase with the
increasing ζ values. The GTMD H1,7 explains that the distribution peaks move towards the
higher momentum fraction in longitudinal direction carried by quark with the increasing
the longitudinal momentum transferred to the proton. The polarities are opposite for this
distribution for u and d quarks. We plot H1,8 in Fig. 13(d), which displays that the
distribution is zero for ζ = 0 while at non-zero skewness, the distribution peak move towards
the higher x taken by quark with raising ζ having opposite polarities for both quarks.
In Fig. 14, we have shown the GTMDs F1,1, F1,3 and F1,4 for ζ = 0 at a fixed value
of proton transverse momentum ∆⊥ = 5 GeV by varying the quark transverse momen-
tum p⊥ (left panel) and at fixed quark transverse momentum p⊥ = 0.5 GeV by changing
the values of the proton transverse momentum ∆⊥ (right panel). Since, the Fourier trans-
form of F1,4 is a function of (x, 0,p
2
⊥,p⊥.b⊥,b
2
⊥), it is similar to the Wigner distribution
ρUL(x,p⊥,b⊥) after inclusion of a factor of 
ij
⊥p
i
⊥
∂
∂bj⊥
. The measurements of the distributions
F1,1(x, 0,∆⊥,p⊥), F1,3(x, 0,∆⊥,p⊥) and F1,4(x, 0,∆⊥,p⊥) will lead to the implications of
unpolarized quark in unpolarized proton, unpolarized quark in transversely-polarized pro-
ton and unpolarized proton in longitudinally polarized proton respectively. We have plot-
ted the GTMDs corresponding to longitudinally-polarized quark at ζ = 0, G1,1, G1,2 and
G1,4 with a constant ∆⊥ (left panel) and constant p⊥ (right panel) as shown in Fig. 15.
The longitudinally-polarized quark in unpolarized proton, longitudinally-polarized quark in
transversely-polarized proton and longitudinally polarized quark in longitudinally-polarized
proton lead to the consequences of the distributions G1,1(x, 0,∆⊥,p⊥), G1,2(x, 0,∆⊥,p⊥)
and G1,4(x, 0,∆⊥,p⊥) respectively. The generalized transverse momentum-dependent dis-
tributions H1,2(x, 0,∆⊥,p⊥) and H1,3(x, 0,∆⊥,p⊥) for u and d quarks are shown in Fig. 16,
when these quarks are polarized along xˆ at fixed ∆⊥ (upper panel)and at fixed p⊥ (lower
panel). The distributions H1,6(x, 0,∆⊥,p⊥) and H1,7(x, 0,∆⊥,p⊥) at fixed ∆⊥ and at fixed
p⊥ are displayed in Fig. 17 (upper panel) and 17 (lower panel) respectively.
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FIG. 14: The variation of GTMDs F1,1(x,∆⊥,p⊥), F1,3(x,∆⊥,p⊥) and F1,4(x,∆⊥,p⊥) with x
for u and d quarks at different values of p⊥ with fixed ∆⊥ (left panel) and at different values of
∆⊥ with fixed p⊥ (right panel).
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FIG. 15: The variation of GTMDs G1,1(x,∆⊥,p⊥), G1,2(x,∆⊥,p⊥) and G1,4(x,∆⊥,p⊥) with x
for u and d quarks at different values of p⊥ with fixed ∆⊥ (left panel) and at different values of
∆⊥ with fixed p⊥ (right panel).
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FIG. 16: The variation of GTMDs H1,2(x,∆⊥,p⊥) and H1,3(x,∆⊥,p⊥) with x for u and d quarks
at different values of p⊥ with fixed ∆⊥ (left panel) and at different values of ∆⊥ with fixed p⊥
(right panel).
VI. CONCLUSION
We have studied the quark Wigner distributions and GTMDs in the light-front quark-
diquark model, where the proton can be formed by the coupling of a quark and a diquark.
The diquark can be considered as either scalar (spin-0) or axial-vector diquark (spin-1). The
axial-vector diquark can further be distinguished as isoscalar and isovector diquarks based
on the realistic flavor analysis.
The Wigner distributions for u and d quarks in the proton have been discussed for different
polarization configurations and they provide the abundant information about the multi-
dimensional structure of proton. The TMDs and GPDs can be calculated from Wigner
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FIG. 17: The variation of GTMDs H1,6(x,∆⊥,p⊥) and H1,7(x,∆⊥,p⊥) with x for u and d quarks
at different values of p⊥ with fixed ∆⊥ (left panel) and at different values of ∆⊥ with fixed p⊥
(right panel).
distributions and GTMDs under TMD limit and IPD limit respectively. We have used
the overlap representation of light-front wavefunctions (LFWFs) to evaluate the Wigner
distributions. The input parameters containing diquark masses and coupling constants for
scalar-isoscalar, vector-isoscalar and vector-isovector diquarks are shown in Table I and the
constituent quark mass is taken to be m = 0.33 GeV .
We have presented the quark Wigner distributions in impact-parameter space (b⊥) and
momentum space (p⊥) by fixing the quark transverse momentum (py = 0.5 GeV ) and
impact-parameter co-ordinate (by = 0.4 GeV ) respectively. In impact-parameter space, the
distributions named ρUU , ρLL, ρLT and ρTT show a circularly symmetric behavior while ρUL,
ρjUT , ρLU and ρ
i
TL describe a dipolar structure. In this model, the distributions ρUL and ρLU
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are similar and have important implications for the orbital angular momentum problem.
In momentum space, the distributions ρUU and ρLL are circularly symmetric in negative
direction while in case of ρTT and ρ
j
UT the polarity changes. The Wigner distributions ρUL,
ρLU , ρ
j
LT and ρTT describe the dipolar behavior of both u and d quarks in the proton.
The mixed distributions (px, by) for both u and d quarks have also been presented. We
find quadrupole distributions in the case of ρUL, ρLU and ρ
i
TL whereas axially symmetric
behavior is found in the case of ρUU , ρLL, ρ
i
TU and ρTT . The distributions ρ
j
UT and ρ
j
LT show
the dipolar behavior for both u and d quarks.
The Wigner distributions in general indicate a strong interplay between the polarization
of the quark as well as proton. Further, the correlation to the direction of quark as well
as proton spin is nontrivial. Even though all TMDs and GPDs can be obtained from the
Wigner distributions at certain limits, the Wigner distributions contain detailed information
in the content of longitudinal as well as transverse distributions in the phase space as well as
the momentum space. The general dipole and quadrupole structure of Wigner distributions
depend entirely on the spin orientations of the quark and proton. Further studies on Wigner
distributions will surely provide as deeper understanding of the spin-orbit correlation and
orbital angular momentum.
We have also discussed the twist-2 generalized transverse momentum-dependent parton
distributions (GTMDs) of u and d quarks related to the longitudinal momentum fraction x
at different values of momentum transferred in the longitudinal direction ζ which provide
the maximum information about the proton structure. The GTMDs at zero skewness i.e. at
ζ = 0, related to the longitudinal momentum fraction at different quark transverse momen-
tum and at different momentum transferred to the proton, have been studied. The mea-
surements of the distributions F1,1(x, 0,∆⊥,p⊥), F1,3(x, 0,∆⊥,p⊥), F1,4(x, 0,∆⊥,p⊥) would
imply the unpolarized quark in unpolarized proton, in transversely-polarized proton and
in longitudinally-polarized proton while the GTMDs corresponding to the longitudinally-
polarized quark i.e. G1,1(x, 0,∆⊥,p⊥), G1,2(x, 0,∆⊥,p⊥) and G1,4(x, 0,∆⊥,p⊥) measure
the longitudinally-polarized quark in unpolarized proton, in transversely-polarized proton
and longitudinally-polarized proton respectively. We have calculated 16 GTMDs for u and
d quarks in the case of proton at ζ 6= 0. In this model, there are 10 GTMDs at ζ = 0
corresponding to the unpolarized, longitudinally polarized and transversely polarized quark.
The GTMDs quantify the correlation between the quark/proton spin and the orbital angular
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momentum of the quarks. Several polarization observables have been proposed which will
give access to GTMDs, either directly or indirectly.
To conclude, the results can perhaps be substantiated by measurements of Wigner dis-
tributions and GTMDs by future experiments. The experiments would not only restrict
the model parameters and provide better knowledge of the distributions but will also im-
pose important constraints on the correlation between the proton polarization being paral-
lel/perpendicular w.r.t. the quark. Further, the possibility of inclusion of appropriate gauge
link will play a very important role in building general relations between TMDs and the
GPDs as the T-odd TMDs require explicit gauge degrees of freedom.
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